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Abstract 

Composite bulk, micro, and nano beams with elastic layers and piezoelectric layers or patches are 
used as sensors, actuators, and recently as energy harvesters. Beams that are symmetric about their 
neutral axis are more popular than unimorphs that have one elastic and one piezoelectric layer – 
partly because they are easier to model. In simple sensor and harvester models, the vibration 
response of the beam is first determined by considering only the elastic layer; and the voltage 
generated by the thin piezoelectric layer is later determined by equating the strain in it to that in the 
elastic layer. In simple models of actuators, the force and moment due to the piezoelectric layer or 
patch excite the elastic layer that is otherwise uncoupled to the piezoelectric layer. Here, a method 
is presented to model a composite beam with one elastic and one piezoelectric layer that is acted 
upon by a distributed mechanical load and a voltage that is impressed across the electrodes. Both 
the layers have the same lengths and breadths but are of different thicknesses. The beam is 
asymmetric about its neutral axis. The electric potentials on the electroded lateral surfaces of the 
piezoelectric layer do not vary along the length of the beam. However, bending of the beam causes 
stress and strain to vary along its length. A consistent set of reasonable assumptions is used in 
conjunction with the equations of state, the Gauss electrostatic condition, and the Euler-Bernoulli 
laminate beam theory. Piezoelectric coupling is included in the expression for bending moment and 
thus affects the position of the neutral axis and the dynamic equilibrium equation. The solution to 
the equation of motion is expressed as an infinite modal sum plus an auxiliary term that is required 
to exactly satisfy even simple boundary conditions at the ends of the beam. Numerical results are 
presented to illustrate the approach and the effect of the piezoelectric layer on functions of interest. 
The model can be extended to asymmetric beams with sensor and actuator layers and to compound 
beams with several segments. 
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